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Abstrat
Let K be a number eld and A an abelian variety over K. We are interested in the
following onjeture of Morita: if the Mumford-Tate group of A does not ontain unipotent
Q-rational points then A has potentially good redution at any disrete plae of K. The
Mumford-Tate group is an objet of analytial nature whereas having good redution is an
arithmetial notion, linked to the ramiation of Galois representations. This onjeture has
been proved by Morita for partiular abelian varieties with many endomorphisms (alled of
PEL type). Noot obtained results for abelian varieties without nontrivial endomorphisms
(Mumford's example, not of PEL type). We give new results for abelian varieties not of PEL
type.
Introdution
Let E be a number eld, p a nite prime of E, OE,p the loalization of the ring of integers at
p. Fix an embedding ι of E in C. Let A/E be an abelian variety. We will denote H1(A,Q)
the rational singular homology group of the omplex abelian variety AC,ι obtained by salar
extension through ι.
We will say that A has good redution at p if there exists an abelian sheme A over OE,p
suh that A×Spec(OE,p) Spec(E)
∼= A. We will say that A has potentially good redution at p
if there exists a nite extension E′ of E and a prime p′ of E′ over p suh that AE′ has good
redution at p
′
.
Let S = ResC/RGm,C be the restrition of salars from C to R of the multipliative group.
Dene the weight oharater w : Gm,R → S to be the morphism given on points by the
naturel inlusion R∗ = Gm,R(R) ⊂ S(R) = C
∗
. A Q-Hodge struture is a Q-vetor spae V
endowed with a morphism h : S → GL(VR) suh that h ◦ w : Gm,R → GL(VR) is dened over
Q. The Mumford-Tate group of a Hodge struture (V, h) is the smallest Q-algebrai group
MT(V, h) ⊂ GL(V ) that ontains the image of h after salar extension to R. Hodge theory
tells us that the singular homology Hi(X,Q) of every projetive smooth algebrai variety X
over C arries a Q-Hodge struture. In the ase of the abelian variety A, the Hodge struture
on H1(A,Q) is given by the omplex struture on the real torus
AC ∼= H1(A,R)/H1(A,Z).
The Mumford-Tate group of A is dened as the Mumford-Tate group of the Hodge struture
H1(A,Q).
Our work deals with the following onjeture, rst stated by Morita in [Mor75℄, p437.
Conjeture 0.1 (Morita). If the Mumford-Tate group of A ontains no nontrivial unipotent
Q-rational point then A has potentially good redution at every nite prime of E.
The original onjeture was formulated in more geometrial terms that we will explain
without going into details of the theory of Shimura varieties, referring to setion 3 for more
preisions on this.
The ouple (MT(A), h : S → MT(A)R) is a Shimura datum, that will permit to onstrut
(the anonial model of) a Shimura variety Sh over some number eld. We an assume
that this variety is dened over a nite extension E′ of E. To the natural representation
1
MT(A)→ GL(H1(A
an
C ,Q)), we an assoiate an abelian sheme A over Sh giving a family of
abelian varieties whih ontains AE′ in the following sense: there exists x ∈ Sh(E
′) and a
artesian diagram
AE′ //

A

Spec(E′)
x // Sh
.
The variety Sh is a moduli spae for polarized abelian varieties endowed with a level
struture and an (interesting) additional struture. Roughly speaking, it is a moduli spae for
abelian varieties with Mumford-Tate group ontained in MT(A).
It will be shown in 3.1.5 that the hypothesis on unipotents in Morita's onjeture is equiv-
alent to the ompatness of ShC.
In the PEL ase, treated partially by Morita, the additional struture that denes the
moduli problem is given by endomorphisms of the abelian variety. So the Shimura vari-
ety is a moduli spae for abelian varieties endowed with a Polarization, an ation of some
Endomorphism ring, and a Level struture. This kind of moduli problem an be dened in
nite harateristi, whih makes the onjeture easier to handle.
Noot [Noo00℄ proved the onjeture in the ase of Mumford's Shimura urves, that are
non PEL Shimura varieties. In this ase, the additional struture used to dene the moduli
problem for Sh is not given by endomorphisms of the abelian variety but by (o)homology
yles (more preisely absolute Hodge yles). A diulty with this kind of moduli problem
is that it is not easy to dene in nite harateristi beause absolute Hodge yles are not
easy to redue modulo some prime (unless one admits the Hodge onjeture).
We now sketh the results we obtain with respet to Morita's onjeture. Take an abelian
variety A dened over a number eld E ⊂ C. Let V = H1(AC,Q) be its rst singular homology
group and ρ : MT(A)→ GL(V ) be the natural representation of its Mumford-Tate group.
We show in a rst setion 1 that if the image of the representation ρQℓ obtained by salar
extension from Q to Qℓ, ontains no nontrivial unipotent element over Qℓ of index 2, then the
abelian variety has potentially good redution at every disrete plae of its eld of denition.
This result is based on a theorem of Deligne about absolute Hodge yles and on our study in
1.4 of an etale p-adi analog of the exponential of the monodromy in ℓ-adi ohomology.
In a seond part, we lassify the representations satisfying the hypothesis of our theorial
riterion in terms of the ombinatoris of the Galois ation on their tensorial and irreduible
omponents. These ombinatoris are enoded in a ombinatorial datum alled a polymer.
We thus obtain a new riterion of good redution based on ombinatorial properties of the
representation of the Mumford-Tate group.
In a third part, we use the mahinery of Shimura varieties to onstrut families of abelian
varieties satisfying our riterion. We also show that our results are dierent from Morita's
results beause the Shimura varieties we onsider are not of PEL type.
In a fourth part, we give a transposition method that permits to apply our results to abelian
varieties with same adjoint Mumford-Tate groups as abelian varieties satisfying our riterion.
We also give examples of abelian varieties for whih this transposition method works.
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1 Theoretial riterion for potentially good redution
Let K be a eld of harateristi 0, omplete for a disrete valuation v, of perfet residue eld
k of harateristi p. Let K0 be the fration eld of the ring of Witt vetors with oeients
in k, σ be the absolute Frobenius of K0 (i.e. the unique ontinuous automorphism induing
x 7→ xp on k) and GK = Gal(K/K). Let v¯ be a plae of K over v and I (v¯) be the inertia
subgroup at v¯ of GK .
Let ℓ be a prime, A be an abelian variety overK and letA[ℓn] denote the ℓn-torsion points in
A(K). The ℓ-adi rational Tate module of A is the Qℓ-vetor-spae Vℓ(A) = (lim
←
A[ℓn])⊗ZℓQℓ.
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For ℓ 6= p, the Neron-Ogg-Shafarevih riterion (see [ST68℄, Th 1) permits to translate the
question of good redution of A at v in terms of the Galois representation Vℓ(A).
Theorem 1.1. The abelian variety A has good redution at v if and only if the inertia subgroup
I (v¯) of GK ats trivially on Vℓ(A).
The aim of this paragraph is to onstrut a unipotent subgroup of GL(Vp(A)) that ontains
only unipotents of index 2 (i.e. a subgroup whose elements verify the equality (g − id)2 = 0),
that is ontained in the Zariski losure of the image of the p-adi Galois representation Vp(A)
and that will play the role of the inertia subgroup in the last theorem in the ase ℓ = p. It will
be alled the p-adi exponential of the monodromy. To onstrut it, we will work with semi-
stable representations of GK and with their (log-)ristalline ounterparts: Fontaine's ltered
(Φ, N)-modules.
Roughtly speaking, our onstrution gives a p-adi ounterpart to the onstrution of the
ℓ-adi exponential of the monodromy [Ill94℄, 1.5.2 that we will briey explain geometrially
now.
For ℓ 6= p, if A is semi-stable over K, the ation of the inertia subgroup I (v¯) on Vℓ(A) is
unipotent and is given by the exponential of a morphism
N : Vℓ(A)(1)→ Vℓ(A)
of ℓ-adi representations of GK (see [Ill94℄, 1.5.2 for details).
There is an analog of this morphism on the log-ristalline ohomology of the speial bre
of a proper model of A over Ov with semi-stable redution. This gives the N in the ltered
(Φ, N)-module of A.
We will prove in this setion that for abelian varieties, this morphism in the log-ristalline
setting gives a morphism
N : Vp(A)(1)→ Vp(A)
of p-adi representations of the loal Galois group GK that is alled the p-adi monodromy
morphism. We must add that there is no hope to have suh a p-adi monodromy morphism for
every semi-stable p-adi Galois representation. The transversality of monodromy is studied in
[Bre97℄ and there is a ounter example with the galois representation of a modular form given
in the review of this artile on mathsinet.
Our proof is based on a simple property of the (Φ, N)-module of A analogous to Griths
transversality and this allows us to make a onstrution that is funtorial and ompatible with
tensor-produt and usual tannakian operations.
The rst example of a semi-stable representation is Qp(1), the p-adi galois representation
given by the Galois ation on pn roots of unity in K for all n:
Qp(1) = Qp ⊗Zp (lim
←
µpn(K)).
This is a one-dimensional vetor-spae over Qp.
Let Qp(1)0 be the vetor spae Qp endowed with the ation of GK given by the ylotomi
harater χ : GK → Zp
∗
. We will hoose one for all an isomorphism ψ : Qp(1)→ Qp(1)0. This
isomorphism is determined by the element tψ = ψ
−1(1) of Qp(1) and is alled a trivialisation
of the Tate twist.
1.2 Fontaine's modules
We reall here the denitions (see Fontaine [Fon94b℄, 4.3.2). Notations are as above.
Denition 1.2.1. We all ltered (Φ, N)-module the data of a nite dimensional K0-vetor
spae D endowed with
1. an injetive σ-semi-linear map (Frobenius)
Φ: D→ D,
2. a K0-linear endomorphism (monodromy)
N : D→ D,
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3. a ltration (FiliDK)i∈Z of DK = D ⊗K0 K by sub-K-vetor spaes, that is required
to be dereasing (Fili+1DK ⊂ Fil
iDK), exhaustive (∪Fil
iDK = DK) and separated
(∩FiliDK = 0).
We impose on these data the following ompatibility ondition:
• NΦ = pΦN .
We denote by MFK(Φ, N) the ategory of suh modules.
The power of Fontaine's theory is that it permits to redue problems about p-adi Galois
representations oming from algebrai geometry, i.e. from the p-adi etale ohomology of
projetive smooth algebrai varieties, to problems of semi-linear algebra. We now dene
a ategory of p-adi Galois representations that inludes the representations oming from
algebrai geometry.
Let V be a ontinuous nite dimensional p-adi representation of GK = Gal(K/K). By
denition, this is a ontinuous representation of GK in a nite dimensional Qp-vetor-spae.
We denote
Dst,K(V ) = (Bst,K ⊗Qp V )
GK ,
where Bst,K denotes Fontaine's period ring, dened in [Fon94a℄.
We have dimQp(V ) ≥ dimK0(Dst,K(V )) and V is alled semi-stable if
dimQp(V ) = dimK0(Dst,K(V ))
and potentially semi-stable if there is a nite extension L/K suh that
dimQp(V ) = dimL0(Dst,L(V )).
In the last equality, V denotes the p-adi representation obtained by restrition to Gal(K/L)
and L0 is the fration eld of the ring of Witt vetors of the residue eld of L. We denote
by Rep
st
(GK) (resp. Rep
pst
(GK)) the ategory of semi-stable (resp. potentially semi-stable)
representations of GK . Those are tannakian ategories over Qp endowed with a natural bre
funtor ωp : Rep
pst
(GK)→ VectQp whih assoiates to any p-adi representation the underlying
Qp-vetor spae. The Cpst onjeture, whih is now a theorem (see [Ber97℄, 6.3.3 and referenes
therein) laims that every p-adi Galois representation oming from the geometry of projetive
smooth varieties is potentially semi-stable.
The essential image of Dst,K is denoted by MF
a
K(Φ, N). Its objets are alled admissible
ltered (Φ, N)-modules. This is also a tannakian ategory over Qp and the funtor
Dst : Repst(GK)→ MF
a
K(Φ, N)
is a tensor equivalene of tannakian ategories (See [Fon94b℄, 5.6.7, 5.6.8). A quasi-inverse
Vst is given by Vst(D) := HomMFaK(Φ,N)(K0, Bst,K ⊗ D). There is a natural bre funtor
ωst : MF
a
K(Φ, N) → VectK0 whih assoiates to any ltered (Φ, N)-module the underlying
K0-vetor-spae.
Example 1.2.2. We denote by K(1) the ltered (Φ, N)-module Dst,K(Qp(1)). The trivialisa-
tion ψ : Qp(1)→ Qp(1)0 of the Tate twist orresponds to the hoie of a basis tψ = ψ
−1(1) for
Qp(1) and gives a basis t
−1
ψ ⊗ tψ of Dst,K(Qp(1)) = (Bst,K ⊗Qp Qp(1))
GK
and an isomorphism
iψ : K(1)→ K(1)0 with the module K(1)0 whose underlying vetor spae is K0, endowed with
the Frobenius Φ = (1/p)σ, the trivial monodromy N = 0 and the ltration FiliK(1)0 = K(1)0
if i ≤ −1 and FiliK(1)0 = 0 if i > −1.
If D is a ltered (Φ, N)-module, we denote D(1) = D ⊗ K(1). The trivialisation ψ of
the Tate twist permits to desribe an isomorphi module D(1)0 having the same underlying
K0-vetor-spae as D, the same N , the Frobenius Φ
′ = (1/p)Φ and the ltration translated by
−1: FiliD(1)0 = Fil
i+1D.
1.3 Transverse monodromy
In all this paragraph, we use the trivialisation ψ : Qp(1) → Qp(1)0 of the Tate twist and the
indued isomorphism iψ : K(1)→ K(1)0 as in 1.2.2.
For ertain partiular p-adi representations of a p-adi eld K, and notably for those
assoiated to semi-stable abelian varieties over K, the monodromy is visible over Qp diretly
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on the representation. This is due to the fat that, in those ases, the monodromy gives a
morphism in the ategory of ltered (Φ, N) modules, whih implies that it is visible in any
realisation of this ategory, and notably in the etale p-adi realisation. Let us dene those
representations.
Denition 1.3.1. We say that an objet D of MFaK(Φ, N) has transverse monodromy if
NFiliDK ⊂ Fil
i−1DK .
We denote by MFa,tmK (Φ, N) the subategory of suh objets in MF
a
K(Φ, N).
We will show that this ondition is veried for the ltered module of an abelian variety. A
ounter example to the general ase is given in the mathsinet review of the artile [Bre97℄, in
the ase of the Galois representation assoiated to a modular form.
Proposition 1.3.2. MFa,tmK (Φ, N) is a tannakian subategory of MF
a
K(Φ, N).
Proof. It sues to verify that transversality of monodromy is stable by tensor produt, subob-
jet, quotient and dual in the ategory of admissible ltered (Φ, N)-modules. The veriation
for tensor produts and dual is straight forward. Let D suh a module with transverse mon-
odromy and D′ ⊂ D be a subobjet of D. Sine morphisms are strit (this is a onsequene
given in [Fon94b℄, 4.3.3 of the impliation "admissible⇒weakly-admissible" [Fon94b℄, 5.4.2),
we have the relation FiliD′K = D
′
K ∩ Fil
iDK . This permits us to obtain
NFiliD′K = N(D
′
K ∩ Fil
iDK) ⊂ D
′
K ∩ Fil
i−1DK = Fil
i−1D′K
whih is the required result for submodules. To nish, the transversality for quotients is a
onsequene of the transversality for duals and submodules.
We denote Rep
st,tm
(GK) the essential image of MF
a,tm
K (Φ, N) by Vst and Reppst,tm(GK)
the ategory of potentially semi-stable representations suh that on every nite extension L of
K on whih the Galois representation is semi-stable, it belongs to Rep
st,tm
(GL), where GL :=
Gal(L/L). We remark that sine MFa,tmK (Φ, N) is a tannakian sub-ategory of MF
a
K(Φ, N),
it follows that Rep
st,tm
(GK) (resp. Rep
pst,tm
(GK)) is a tannakian sub-ategory of Rep
st
(GK)
(resp. Rep
pst
(GK)).
Denote MFaK(Φ, N)(Nst) the ategory of ouples of an admissible ltered (Φ, N)-module
D and a nilpotent morphism Nst : D(1)→ D. By nilpotent, we mean that for some integer n,
the omposition
(Nst ⊗ idK(n−1)) ◦ · · · ◦ (Nst ⊗ idK(i)) ◦ · · · ◦Nst : D(n)→ D,
is the zero morphism, where K(i) := K(1)⊗i for i ∈ N.
Lemma 1.3.3. Let D be an admissible ltered (Φ, N)-module. The monodromy map N : D →
D indues a K0-linear appliation Nst,ψ : D(1) → D that depends on the trivialization ψ of
the Tate twist. Moreover, the map Nst,ψ is a morphism of ltered (Φ, N)-module if and only
if D has transverse monodromy. This gives a tensor funtor
mst,ψ : MF
a,tm
K (Φ, N)→ MF
a
K(Φ, N)(Nst).
Proof. Let D be an admissible ltered (Φ, N)-module. We still denote N the linear map
D(1)0 → D given by N . We now show that it is a morphism of ltered (Φ, N)-module. This
appliation ommutes with the ation of Φ sine N.Φ′ = 1/p.p.Φ.N = Φ.N . It ommutes
with N sine N2 = N2. Those two properties are showed without hypothesis on D. The
transversality property now appears. N is a morphism of ltered (Φ, N)-module if and only if
∀i,NFiliD(1)0,K ⊂ Fil
iDK ,
whih is equivalent to
∀i,NFiliDK ⊂ Fil
i−1DK ,
i.e. to the fat that D has transverse monodromy. We thus have showed that N indues
a morphism N : D(1)0 → D in MF
a
K(Φ, N) if and only if D has transverse monodromy.
This monodromy N : D(1)0 → D is funtorial in D and ompatible with the tensor produt.
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Using the isomorphism idD ⊗ iψ : D(1) → D(1)0, we obtain a morphism Nst,ψ = N ◦ (idD ⊗
iψ) : D(1) → D that depends on tψ = ψ
−1(1) up to a salar. This morphism Nst,ψ is alled
the monodromy morphism of D. The rule D 7→ (D,Nst,ψ) is funtorial.
We now show that the monodromy morphism Nst,ψ : D(1) → D is ompatible with the
tensor produt. If we hoose two ltered (Φ, N)-modules with transverse monodromy D1 and
D2, then the monodromy morphism of the module D = D1 ⊗D2 is given by
Nst,ψ = idD1 ⊗N2,st,ψ +N1,st,ψ ⊗ idD2
where N1,st,ψ : D1(1) → D1 (resp. N2,st,ψ : D2(1) → D2, resp. Nst,ψ : (D1 ⊗ D2)(1) →
(D1 ⊗ D2)) is the monodromy morphism for D1 (resp. D2, resp. D = D1 ⊗ D2). So let
N : D(1)0 → D, N1 : D1(1)0 → D1 and N2 : D2(1)0 → D2 denote the respetive monodromy
morphisms with trivialized Tate twist. We develop
Nst,ψ = N ◦ (idD ⊗ iψ)
= (N1 ⊗ idD2 + idD1 ⊗N2) ◦ ((idD1 ⊗ idD2)⊗ iψ)
= (N1 ◦ (idD1 ⊗ iψ))⊗ idD2 + idD1 ⊗ (N2 ◦ (idD2 ⊗ iψ))
to obtain the desired equality. We thus have dened a tensor funtor
mst,ψ : MF
a,tm
K (Φ, N) → MF
a
K(Φ, N)(Nst)
D 7→ (D,Nst,ψ : D(1)→ D)
.
Sine the ategory MFa,tmK (Φ, N) is equivalent to the ategory Repst,tm(GK), for every
p-adi semi-stable representation V of GK the assoiated module of whih has transverse
monodromy, Nst,ψ indues a morphism Np,ψ : V (1)→ V of p-adi representations.
Denote Rep
st
(GK)(Np) the ategory whose objets are ouples (V,Np) of a semi-stable
representation and a nilpotent morphism Np : V (1)→ V , and whose morphisms are the mor-
phisms of representations that ommute with the given Np.
Denition 1.3.4. We have dened a funtor
mp,ψ : Rep
st,tm
(GK) → Rep
st
(GK)(Np)
V 7→ (V,Np,ψ)
.
This funtor is in fat a tensor funtor beause it is given by the following diagram
Rep
st,tm
(GK)
Dst //
mp,ψ

MFa,tmK (Φ, N)
mst,ψ

Rep
st
(GK)(Np) MFaK(Φ, N)(Nst)Vst
oo
that is ommutative up to an isomorphism of funtors.
1.4 Exponential of the p-adi monodromy
We will now use the usual formalism of Tannakian ategories given in [DMOS82℄, II. A useful
example in this paragraph is the following.
Example 1.4.1. The ategory VectQp(N) of ouples (V,N) of a Qp-vetor spae V and a
Qp-linear nilpotent endomorphism N : V → V endowed with the tensor produt
(V1, N1)⊗ (V2, N2) = (V1 ⊗ V2, N1 ⊗ idV2 + idV1 ⊗N2)
is a tannakian ategory for whih the forgetful funtor o : (V,N) 7→ V is a bre funtor. The
assoiated group sheme Aut⊗(o) is the additive group Ga,Qp . This gives a tensor equivalene
of ategories
o : VectQp(N)→ Rep(Ga,Qp).
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Reall that we have hosen a trivialisation ψ : Qp(1) → Qp(1)0 of the Tate twist. If V
is a p-adi representation in Rep
st,tm
(GK), we have dened a morphism Np,ψ : V (1) → V of
p-adi representations. Now dene V (1)0 to be V ⊗ Qp(1)0. The underlying vetor spae of
V (1)0 is anonially isomorphi to V . We obtain a morphism Nψ : V (1)0 → V by setting
Nψ := Np,ψ ◦(idV ⊗ψ
−1). This morphism gives an endomorphism of the underlying Qp-vetor
spae of V .
Proposition 1.4.2. The rule
ωψ : Rep
st,tm
(GK) → VectQp(N)
V 7→ (V,Nψ = Np,ψ ◦ (idV ⊗ ψ
−1))
gives a tensor funtor to the ategory of vetor spaes endowed with a nilpotent endomorphism
and we onsequently have a morphism
eNψ : Ga,Qp → Aut
⊗(ωp)
from the additive group to the tannakian fundamental group Aut⊗(ωp) assoiated to the natural
bre funtor ωp = o◦ωψ on the ategory Rep
st,tm
(GK). This morphism is alled an exponential
of the p-adi monodromy up to the Tate twist.
Proof. We must rst verify that if f : V1 → V2 is a morphism in the ategory Rep
st,tm
(GK), the
assoiated linear map over Qp ommutes with Nψ. So we must show that the outer retangle
of following diagram ommutes.
V1
f

idV1⊗ψ
−1
// V1(1)
f(1)

N
1,p,ψ−1
// V1
f

V2
idV2⊗ψ
−1
// V2(1)
N2,p,ψ
// V2
The right square of the diagram is ommutative beause the map V 7→ (V,Np) is a funtor
mp,ψ : Rep
st,tm
(GK) → Rep
st
(GK)(Np), as remarked in 1.3.4. The left square of the diagram
is obviously ommutative so we have proved that the whole diagram is ommutative, whih
shows that we really have a funtor.
To verify that it is a tensor funtor, we must verify that the trivialisation of the Tate
twist does not aet the tensor produt. So let V1 and V2 be two objets of Rep
st,tm
(GK)
(so their image by mp,ψ is endowed with N1,p,ψ : V1(1) → V1 and N2,p,ψ : V2(1) → V2). Then
sine the funtor mp,ψ : V 7→ (V,Np,ψ) is a tensor funtor (see 1.3.4), W = V1 ⊗ V2 is a
Galois representation endowed with a nilpotent morphism Np,ψ : W (1)→ W that is given by
Np,ψ = N1,p,ψ ⊗ idV2 + idV1 ⊗N2,p,ψ. We want to show that trivialisation of the Tate twist is
ompatible with the tensor produt of monodromy. So we must show that
Nψ = N1,ψ ⊗ idV2 + idV1 ⊗N2,ψ.
Developing the left term
Nψ = Np,ψ ◦ (idW ⊗ ψ)
= (N1,p,ψ ⊗ idV2 + idV1 ⊗N2,p,ψ) ◦ ((idV1 ⊗ idV2)⊗ ψ)
= (N1,p,ψ ◦ (idV1 ⊗ ψ))⊗ idV2 + idV1 ⊗ (N2,p,ψ ◦ (idV2 ⊗ ψ))
gives exatly the required equality. So we have a tensor funtor, sine
ωψ(V1 ⊗ V2) = ωψ(V1)⊗ ωψ(V2).
The rest of the proposition follows from 1.4.1 and the usual tannakian formalism (see [DMOS82℄,
II).
Corollary 1.4.3. Let V be an objet of Rep
st,tm
(GK) and let HV,p denote the Zariski losure
of the image of this Galois representation. We have a natural morphism
eNψ : Ga,Qp → HV,p
that gives an exponential of the p-adi monodromy up to a Tate twist.
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Proof. Let ωp be the natural bre funtor on Rep
st,tm
(GK), i.e. the funtor that assoiates
to any representation its underlying Qp-vetor spae. Let V be an objet of Rep
st,tm
(GK)
and 〈V 〉 be the tannakian subategory of Rep
st,tm
(GK) generated by V . We denote by ωp|〈V 〉
the restrition of ωp to this subategory. By the usual tannakian mahinery (see for example
[Fon94b℄, 1.2.3), we have an isomorphism
Aut⊗(ωp|〈V 〉) ∼= HV,p
and a natural projetion assoiated to the tensor funtor 〈V 〉 → Rep
st,tm
(GK)
Aut⊗(ωp)։ Aut
⊗(ωp|〈V 〉).
This permits to dene
eNψ : Ga,Qp → Aut
⊗(ωp)→ HV,p
by omposition.
1.5 p-adi monodromy for H1 and good redution
If a p-adi representation V is the rst etale p-adi ohomology group H1 of a semi-stable
projetive variety over K, the assoiated ltered (Φ, N)-module has a ltration with only
nontrivial terms
Fil0Dst,K(V ) = Dst,K(V ),
Fil1Dst,K(V ) ⊂ Dst,K(V ),
Fil2Dst,K(V ) = 0.
For suh a module D, the ondition of transversality of monodromy
NFiliDK ⊂ Fil
i−1DK
is trivially veried, so there is an exponential of the monodromy morphism as in 1.4.3. This
remark applies to abelian varieties. This gives a p-adi ounterpart, in the ase of abelian
varieties, to the onstrution of Raynaud [Ray94℄, p315 of the ℓ-adi monodromy for 1-motives
for ℓ 6= p.
Proposition 1.5.1 (p-adi riterion for good redution). Let A be an abelian variety
over K and ρ : GK → GL(Vp(A)) be the orresponding p-adi representation. If the Zariski
losure HV,p of the image of ρ does not ontain any unipotent Qp-rational point of index 2,
then ρ is potentially ristalline and A has potentially good redution.
Proof. We an suppose that ρ is semi-stable. We denote D(A) the ltered (Φ, N)-module
Dst,K(Vp(A)). The monodromy Nst,ψ : D(A)(1) → D(A) in the ategory MF
a,tm
K (Φ, N) is
nilpotent of index 2, i.e. Nst,ψ ◦ Nst,ψ(1) = 0. This omes from the fat that if N : D(A) →
D(A) denotes the monodromy morphism, N2 = 0. We will prove this using the 1-motiveM/K
onstruted by Raynaud in [Ray94℄, 4.2.2. This is a omplexM := [X → G] with X (in degree
−1) a twisted free Z-module and G (in degree 0) an extension of an abelian variety B by a torus
T . This 1-motive has the same de Rham and p-adi realisation as A. It has a weight ltration
given by W−3 = [0→ 0], W−2 = [0→ T ], W−1 = [0→ G] and W0 = [X → G] with suessive
quotients Gr0M = X[−1], Gr−1M = B and Gr−2M = T . We denote MdR the de Rham
realization H1dR(M). We see in [CI99℄, 2.1 that there is a natural map Gr0MdR → Gr−2MdR
and Coleman proves in [Col00℄ that it is indued by Grothendiek's monodromy pairing given
in [GRR72℄, IX, Th 10.4. The monodromy N : MdR →MdR is given by the sequene
N : MdR → Gr0MdR → Gr−2MdR =W−2MdR →MdR.
We now remark that the omposition
Gr−2M =W−2M →M → Gr0M
is learly trivial and so is its de Rham realization. This proves that N ◦ N = 0, so Nst,ψ ◦
Nst,ψ(1) = 0.
Sine we have an equivalene of additive ategories, this nilpoteny of index 2 is also veried
for the p-adi monodromy morphism Np,ψ : Vp(A)(1)→ Vp(A). Using the trivialisation of the
8
Tate twist Qp(1)
ψ
→ Qp(1)0, we obtain a Qp-linear map Nψ : Vp(A) → Vp(A), as in 1.4.2
that is nilpotent of index 2, i.e. N2ψ = 0. The exponential of the monodromy morphism
eNψ : Ga,Qp → GL(Vp(A)) is given by the image of the universal point T = idGa ∈ Ga(Qp[T ])
of the additive group:
eNψ : Ga(Qp[T ]) → GL(Vp(A))(Qp[T ])
T 7→
∑
i≥0
NiψT
i
i!
.
Sine Nψ is nilpotent of index 2, the image of this morphism is unipotent of index 2, i.e.
every element g of this image veries the equality (g − id)2 = 1, alulated in the Qp-linear
endomorphisms of V . By 1.4.3, this morphism fators through the Zariski losure HV,p of
the image of ρ. The image of eNψ in HV,p is trivial beause HV,p(Qp) ontains no nontrivial
unipotent element of index 2 in GL(Vp). This implies that Nψ and therefore Np,ψ : Vp(A)(1)→
Vp(A) and Nst,ψ : D(A)(1) → D(A) are trivial. So the original monodromy N of the ltered
(Φ, N)-moduleD(A) is trivial and the representation Vp(A) is potentially ristalline. The work
of Coleman-Iovita [CI99℄, Th1, p173 or Breuil [Bre00℄, Cor 1.6, p493 shows that the Galois
representation orresponding to an abelian variety is potentially ristalline if and only if the
abelian variety has potentially good redution.
1.6 The riterion
We autiously inform the reader that K will now denote a number eld.
Theorem 1.6.1. Let K →֒ C be a number eld embedded in C and A be an abelian variety
over K. Let V = H1(A
an
C ,Q) be its rst Betti homology group and ρ : MT(A)→ GL(V ) be the
natural representation of its Mumford-Tate group. Suppose there exists a prime ℓ suh that
the image of
ρ(Qℓ) : MT(A)(Qℓ)→ GL(V )(Qℓ)
does not ontain any unipotent of index 2, then A has potentially good redution at any nite
plae of K.
Proof. By the omparison theorem between etale and lassial ohomology (see [SGA73℄,
XI) and the omparison between the dual of the rst etale ohomology group and the Tate
module (see Milne [Mil86℄, 15.1), we know that there is a anonial isomorphism V ⊗Q Qℓ ∼=
Tℓ(A) ⊗Zℓ Qℓ. It results from theorems of Deligne about absolute Hodge yles [DMOS82℄,
Exp I, 2.9,2.11 that there exists a nite extension K′ of K suh that the Galois representation
on the ℓ-adi Tate module of A fators through the group of Qℓ-values of the Mumford-Tate
group, i.e. there is a morphism
ρ′ : Gal(K/K′)→ MT(A)(Qℓ)
ρ(Qℓ)→ GL(V )(Qℓ) ∼= GL(Tℓ(A)⊗Zℓ Qℓ)
that gives a fatorisation of the usual Galois representations on ℓn torsion points of A for all
n > 0 through ρ(Qℓ).
Let v be a nite plae of K. Suppose rst that ℓ doesn't divide v. Then, by the monodromy
theorem of Grothendiek [GRR72℄, Exp I, 3.6, there is a nite extension L of Kv, an extension
w of v to L and a plae w¯ of L over w suh that the image of the inertia subgroup I (w¯) of
D(w¯) is unipotent of index 2 in GL(Tℓ(A)⊗ZℓQℓ). More preisely, we have (ρ
′(σ)− id)2 = 0 in
End(VQℓ) for all σ in I (w¯). Sine the image of the representation ρ(Qℓ) of the Mumford-Tate
group over Qℓ ontains no nontrivial unipotent of index 2, the image of the inertia group I (w¯)
must be trivial. So the original Galois representation was potentially unramied at v. The
Néron-Ogg-Shafarevih riterion [ST68℄, Th 2, gives the potentially good redution of A at v.
Suppose now that ℓ divides v. Then we apply our p-adi riterion 1.5.1 to the representation
of the deomposition group D(v¯) ⊂ GL(Tℓ(A)⊗Zℓ Qℓ), whih onludes the proof.
2 Classiation of representations satisfying 1.6.1
Let K →֒ C be a number eld and A be an abelian variety over K. Let ρ : G→ GL(V ) be the
natural representation of its Mumford-Tate group. Let ℓ be a prime and ρQℓ : GQℓ → GL(V )Qℓ
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be the extension of salars of ρ to Qℓ. We will rst explain in simple terms what kind of
representations ρ and ρQℓ arise this way. This gives a ombinatorial datum alled a polymer.
After that, we will use this datum to give a riterion for the representation ρ : G→ GL(V )
to have the following property: for some prime ℓ, the image of the representation
ρ(Qℓ) : G(Qℓ)→ GL(V )(Qℓ)
of Qℓ-points of G indued by ρ ontains no nontrivial unipotents of index 2.
2.1 Classiation of representations of Mumford-Tate groups
Unipotents in redutive groups
We will not go into the details of the lassiation of representations of redutive groups here.
We refer to [SGA64b℄, [Jan87℄ and [Spr98℄ for the struture theory of redutive groups. Sine
our work fouses on redutive groups over non algebraially losed elds, we use the language
of group shemes. Let F be a eld of harateristi 0, G be a redutive group over F and
T ⊂ G be a maximal torus dened over F .
To these data are assoiated two twisted free abelian group shemes of nite type over
F (or equivalently two free abelian groups of nite type equipped with ontinuous-ations of
Gal(F/F ))
X∗(T ) = Hom(T,Gm) and X∗(T ) = Hom(Gm, T )
and two losed sub-shemes
R = R(G,T ) ⊂ X∗(T ) and R∨ = R∨(G,T ) ⊂ X∗(T )
alled the sheme of roots (resp. of oroots) of (G,T ). There is a perfet pairing
〈·, ·〉 : X∗(T )×X∗(T )→ Z
given by omposition of haraters with oharaters and by the isomorphism End(Gm) ∼=
Z. The sheme of roots R is the sheme of weights of the maximal torus in the adjoint
representation (see [SGA64b℄, Exp XIX, 3.8). For g ∈ G, we denote adg : Lie(G) → Lie(G)
the tangent map orresponding to h 7→ ghg−1. Let
ρad : T →֒ G → GL(Lie(G))
g 7→ adg
denote the adjoint representation. If r ∈ X∗(T )(F ) and A is an F -algebra, dene the weight
sheme of r in Lie(G) by
Lie(G)r(A) :=
{
h ∈ Lie(G)⊗F A ρad,A′(t) · h = rA′(t) · h,
∀t ∈ T (A′), A→ A′
}
Let now
R(A) := {r ∈ X∗(TA) | ∀s ∈ Spec(A), rs 6= 0 and Lie(GA)
r(s) 6= 0} .
Sine it isn't ruial for our work, we refer to [SGA64b℄, Exp XXII for the denition of the
sheme of oroots in the non split ase and to [Jan87℄, II, 1.3 in the split ase.
Denition 2.1.1 (Root datum). The data Ψ = (X∗(T ),R,X∗(T ),R
∨) of those four shemes
and of the pairing 〈·, ·〉 is alled the root datum of the ouple (G,T ).
The root datum plays a ruial role in the lassiation of redutive groups: it allows to
lassify split redutive groups (i.e. groups with T ∼= Grm) up to isomorphism. It also gives
preise information about unipotent elements in non-split redutive groups. Indeed, for eah
root r ∈ R(F ), there exists a (unique up to an element of F ∗) morphism ur : Ga → G (see
[SGA64b℄, Chap XXII, 1.1) satisfying for all F -algebra A
tur,A(x)t
−1 = ur,A(rA(t) · x),∀t ∈ T (A), x ∈ A.
The image of this morphism is alled the standard unipotent subgroup orresponding to the
root r.
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We also reall some basi properties of unipotent elements in redutive groups from a fun-
torial point of view. For now, denote G a linear algebrai group over a eld F of harateristi
0. Dene the funtor Hom(Ga, G) on F -algebras by
Hom(Ga, G)(A) = HomA−Gr(Ga,A, GA)
for every F -algebra A. There is a natural injetive morphism
Hom(Ga, G) → G
(u : Ga → G) 7→ u(1)
and its image U(G) is the subsheme of unipotent elements in G (every unipotent element
U in G indues a morphism u : Ga → G suh that u(1) = U by u(T ) = exp(T log(U)) for
T = id ∈ Ga(F [T ])).
The fat that this is a losed subsheme an be veried on a general linear group GL(V )
sine every linear algebrai group admits a losed embedding in suh a group. In the ase of
GL(V ) we know that U(GL(V )) is given by u ∈ GL(V ) satisfying (u− id)dim(V ) = 0. This is
a polynomial ondition and gives a losed subsheme.
We now reall a well known fat.
Proposition 2.1.2. If G is redutive, and G˜ denotes the universal overing of Gad, the
sequene G˜→ G→ Gad gives isomorphisms
U(G˜) ∼= U(G) ∼= U(G
ad)
on unipotent subshemes.
Proof. The exponential map gives an isomorphism between U(G) and nilpotent elements in
Lie(G) and the result is trivial on the level of Lie algebras.
Admissible minusule representations
We now reall the denition of minusule representations that best suits our work. We refer
to Boubaki [Bou75℄, Chap VIII, 7, n
◦
3, for the treatment of this notion in the ontext of Lie
algebras. There is a little mistake
1
in the list of minusule weights in this referene, so we use
[Ser79℄, Annexe, as a referene for the list of minusule weights.
Denition 2.1.3 (Minusule representation). Suppose F is algebraially losed and G
is semi-simple. An irreduible representation V of G is alled minusule if for every root
r ∈ R(F ), the image of the standard unipotent subgroup ur : Ga → G in GL(V ) is unipotent
of index 2.
We still suppose F algebraially losed. Let G/F be a redutive group endowed with a
maximal torus T and a Borel subgroup B. These data give a root datum Ψ with a set R+ ⊂ R
of positive roots and a basis S ⊂ R+ of simple roots. Simple roots orrespond bijetively with
verties of the Dynkin diagram D of G.
We will say that G is semi-simple simply onneted if X∗(T ) admits a basis (ωα)α∈S
dual to the basis (α∨)α∈S of R
∨
. The ωα for α ∈ S are alled fundamental weights. They
also orrespond bijetively with verties of the Dynkin diagram. We now reall the basis of
representation theory of redutive groups, that are ontained in [Jan87℄, Part II. Set
X∗(T )+ = {λ ∈ X
∗(T ) | 〈λ,α∨〉 ≥ 0 for all α ∈ S}.
The elements of X∗(T )+ are alled the dominant weights of T with respet to R
+
.
Theorem 2.1.4. Keeping the notations above, and if we suppose that G is semi-simple simply
onneted, there is a bijetion between the set X∗(T )+ of dominant weights of T with respet
to R+ and the set of isomorphism lasses of nite dimensional simple G-modules. A dominant
weight orresponding to some module V by this bijetion will be alled the highest weight of
V .
1
For the Bl type, replae ω1 by ωl and for the Cl type, replae ωl by ω1
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The fundamental weights (ωα)α∈S are dominant. This implies, using theorem 2.1.4, that
if G is semi-simple simply onneted, every fundamental weight is indeed the highest weight
of a simple G-module.
The weights orresponding to minusule representations of the simply onneted overing
of the adjoint group of G are alled minusule weights. We know from Bourbaki (f. the end of
[Bou75℄, Chap VIII, 7, n
◦
3) that minusule weights are fundamental. Thus they orrespond
to some verties of the Dynkin diagram of G.
Depending on the type of G in the lassiation of redutive groups, the set of minusule
weights is given in [Ser79℄, Annexe. We now reall the list of weights that are admissible for
the representations that will be the building bloks of Hodge type representations. They are
given in the table [Del79℄, 1.3.9.
Denition 2.1.5 (Admissible minusule weight). Let Ψ = (X∗(T ),R,X∗(T ),R
∨) be the
root datum of a simple semi-simple simply onneted group (G,T ), for whih we x a system of
positive roots R+ ⊂ R and a basis of simple roots S = {α1, . . . , αn} ⊂ R
+
. Let (ωi)i=1,...,n be
the orresponding basis of fundamental weights. Then the set of admissible minusule weights
for Ψ and R+ is given by:
• for Ψ of type An (n ≥ 1), {ω1, ωn},
• for Ψ of type Bn (n ≥ 2), {ωn},
• for Ψ of type Cn (n ≥ 2), {ω1},
• for Ψ of type Dn (n ≥ 4), {ω1, ωn−1, ωn},
• for Ψ of other types, ∅.
The orresponding verties of the Dynkin diagram are alled admissible minusule verties.
We see from [Ser79℄, Annexe, that admissible minusule weights are indeed minusule.
Polymers and Hodge type representations
Let's ome bak to a redutive group G over F with F not neessarily algebraially losed. We
denote Gad the adjoint group of G and G˜ the universal overing of Gad. We have a sequene
G˜→ G→ Gad. We deompose G˜
G˜F
∼=
∏
i∈I
Gi
as a produt of simple groups over F . The set I of simple fators of G˜F is endowed with a
Gal(F/F )-ation. Let D be the Dynkin diagram of G˜F , endowed with its natural Gal(F/F )-
ation. There is a natural equivariant projetion π : D → I . We denote P(D) the set of parts
of D and D =
∐
i∈I Di the deomposition of the Dynkin diagram in onneted omponents.
As explained above, every vertex of the Dynkin diagram Di orresponds to a fundamental
weight, i.e. to the heighest weight of a fundamental representation of the fator Gi (that is
semi-simple simply onneted).
We are now able to dene the kind of representations that appear in our situation and the
orresponding ombinatorial datum, alled a polymer (after Addington [Add87℄).
Denition 2.1.6 (Polymer). Let G be a redutive group over F . A polymer for G is a set
S ⊂ P(D) of subsets of the Dynkin diagram of G˜ that veries:
1. S is Gal(F/F )-stable,
2. S is overing on the set I of simple fators of G˜, i.e. ∪
T∈S
π(T ) = I,
3. if T ∈ S and T ∩Di 6= ∅ then T ∩Di is redued to an admissible minusule vertex of
the onneted omponent Di of D (in the sense of 2.1.5).
Denition 2.1.7 (Hodge type representation). A Hodge type representation of G is a
representation
G→ GL(V )
suh that there exists a polymer S (V ) for G suh that every irreduible omponent W of the
restrition of VF to G˜F is isomorphi to a tensor produt ⊗s∈TWs for some T ∈ S (V ). In
this tensor produt, Ws denotes the minusule representation of the simple fator Gπ(s) of
G˜F of heighest weight ωs orresponding to the unique s ∈ T ∩Dπ(s) given by denition of a
polymer. S (V ) is alled the polymer of V .
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We must remark that there may be more than one irreduible omponentW orresponding
to the same part T ∈ S (V ) of the Dynkin diagram. We also remark that this denition using
polymers, even if it is not usual in literature where the weights of a oharater is used, is
useful beause we want to be able to work with irreduible omponents of representations over
Qℓ that are only parts of the natural representation of the Mumford-Tate group.
Theorem 2.1.8. Let A/C be an abelian variety, V = H1(A,Q), F = Q. Then the natural
representation G→ GL(V ) is of Hodge type. The representation GQℓ → GL(V )Qℓ obtained by
salar extension is also of Hodge type.
Proof. This theorem is a onsequene of the translation by Deligne in terms of Shimura data
of the work of Satake about sympleti embeddings of hermitian symetri domains. Referenes
and more details will be given in setion 3.2. For the moment, it sues to apply the remark
3.2.3. The representation GQℓ → GL(V )Qℓ is also of Hodge type beause to be a Hodge type
representation is stable by salars extension.
Remark 2.1.9. The representation GQℓ → GL(V )Qℓ in the last theorem gives the ation of
the Mumford-Tate group on the Tate module of the abelian variety (see the proof of 1.6.1).
This is the kind of representation we want to study in our ombinatorial riterion.
2.2 Optimal ombinatorial riterion
As was seen, the building bloks for Hodge type representations of Mumford-Tate groups are
minusule representations and their image ontains many unipotents of index 2. We will use
the galois ation on tensor produts to onstrut unipotents of higher index. The following
simple lemma is entral in our work. Let F be a eld of harateristi 0.
Lemma 2.2.1 (Key lemma). Let W1 and W2 be two vetor spaes over F and ui ∈ GL(Wi),
i = 1, 2 be two unipotents of respetive index n1 and n2. Then u1 ⊗ u2 ∈ GL(W1 ⊗ W2) is
unipotent of index n1 + n2 − 1.
Proof. We use the funtorial desription of unipotents given in 2.1. To eah ui is assoiated
a morphism ρi : Ga → GL(Wi) for whih ρi(1) = ui. The image of the universal point
T = idGa ∈ Ga(F [T ]) by ρi is given by a polynomial Pi:
ρi(F [T ]) : Ga(F [T ]) → GL(Wi)(F [T ])
T 7→ Pi = exp(TNi) =
∑
j≥0
N
j
i
T j
j!
for Ni the nilpotent endomorphism given by the logarithm
Ni = log(ρi(1)) =
∑
j>0
(−1)j+1(ρi(1)− id)
j .
The degre of Pi is equal to ni − 1. The tensor produt u1 ⊗ u2 orresponds to the polynomial
P1 ⊗ P2 that is an endomorphism of
(W1 ⊗F W2)(F [X]) = (W1 ⊗F F [X]) ⊗F [X] (W2 ⊗F F [X]).
The oeient of the dominant term Xn1+n2−2 in P1 ⊗ P2 is
Nn1−11
(n1 − 1)!
⊗
Nn2−12
(n2 − 1)!
whih is nontrivial beause it is the tensor produt of two nontrivial endomorphisms. This gives
us a polynomial of degre n1+n2−2 and the index of unipoteny of u1⊗u2 is n1+n2−2+1 =
n1 + n2 − 1.
Let G/F be a redutive group.
Denition 2.2.2. Let I be the set of simple fators of G˜F and π : D → I the projetion from
the Dynkin diagram of G˜F to I. Let V be a Hodge type representation of G and S (V ) the
polymer of V . V will be alled perfetly tens-twisted if for all i ∈ I, at least one of the two
following onditions is veried:
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1. There exists T ∈ S (V ) suh that Card(Gal(F/F ) · i ∩ π(T )) > 1,
2. The fator of G˜ over F that ontains the fator Gi over F ontains no nontrivial unipo-
tent element dened over F .
The rst ondition of the denition orresponds to the fat that the Galois group moves
suiently the tensorial omponents of the representation. The seond ondition permits to
overome the diulties appearing when the rst ondition isn't veried. We will now prove
that the seond ondition an often be dropped. We will see in Theorem 2.2.4 a representation
is perfetly tens-twisted if and only if its image does not ontain any F -rational unipotent
element of index 2.
Proposition 2.2.3. We keep the notations of last denition. Suppose that F = Kp is a nite
extension of Qp and that no simple fator of G˜ is of inner type An. Then the representation
V is perfetly tens-twisted if and only if for all i ∈ I,
• there exists T ∈ S (V ) suh that Card(Gal(Kp/Kp) · i ∩ π(T )) > 1.
Proof. If I = ∅, there is no ondition. Suppose that I 6= ∅. Let H be any nontrivial simple
fator of G˜ dened over Kp . We will show that H(Kp) ontains at least one nontrivial unipo-
tent element. Sine there is a natural isomorphism U(H) ∼= U(Had) on unipotent subshemes
(see 2.1.2), it sues to verify this for Had. We an write Had = ResLq/KpH
s
with Hs ab-
solutely simple and Lq/Kp a nite extension. The universal property of ResLq/KpH
s
permits
to desribe its points with values in Ga,Kp :
ResLq/KpH
s(Ga,Kp)
∼
→ Hs(Ga,Lq).
If we restrit to points respeting the group struture of Ga, this gives a bijetion
U(ResLq/KpH
s)(Kp)
∼
→ U(Hs)(Lq)
on unipotent subsets. So we want to prove thatHs(Lq) ontains nontrivial unipotent elements.
Sine Hs is adjoint, this is equivalent to the fat that Hs is not anisotropi by [BT65℄, proof
of 8.5. But by [Tit66℄, 3.3.3, we know that a group whih is anisotropi and absolutely almost
simple over a p-adi eld is of inner type An. By hypothesis, H
s
is not of this type so it is not
anisotropi. This nishes the proof.
Theorem 2.2.4. Let ρ : G → GL(V ) be a Hodge type representation. The two following
onditions are equivalent:
1. Im(ρ) ontains no nontrivial unipotents of index 2 dened over F ,
2. ρ is perfetly tens-twisted.
2.3 Demonstration of theorem 2.2.4
Sine by 2.1.2 the morphism G˜ → G indues an isomorphism U(G˜) ∼= U(G) on unipotent
subshemes, the rst ondition depends only on the restrition G˜ → GL(V ) of ρ to G˜. By
denition, the seond ondition also. So we an suppose that G ∼= G˜. Reall that I (resp. D)
denotes the set of simple fators (resp. the Dynkin diagram) of G˜F and S (V ) the polymer of
the representation.We denote π : D → I the projetion.
Suppose rst that ρ is perfetly tens-twisted. Let u ∈ G(F ) be a nontrivial unipotent
element and let Gi, i ∈ I be a quasi-simple fator of GF suh that the omponent ui of u in
Gi is nontrivial. We have two ases:
• Suppose that the rst ondition for perfetly tens-twistedness is veried for i. There
exists an irreduible omponent W of VF and a orresponding TW ∈ S (V ), suh that
Card(Gal(F/F )·i∩π(TW )) > 1. Let j, j
′
be two points of Gal(F/F )·i∩π(TW ). Then the
nontrivial omponent ui is sent by Galois to uj and uj′ so those two other omponents
of u are nontrivial. By denition of the polymer of a Hodge type representation, the
representation W is written as a tensor produt of minusule representations ρk : Gk →
GL(Wk) of the quasi-simple fators Gk of GF for k ∈ π(TW ). Those representations
are irreduible representations of quasi-simple groups, so their kernel is nite and an't
ontain any unipotent element. So uj and uj′ have nontrivial image in GL(Wj) and
GL(Wj′) respetively. By the key lemma 2.2.1, the index of unipoteny of the tensor
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produt of two nontrivial unipotents is stritly superior to 2 and it an't derease when
you apply another tensor produt. So the index of unipoteny of ρ(u)|W = · · ·⊗ρj(uj)⊗
· · · ⊗ ρj′(uj′) ⊗ · · · in GL(W ) is greater than 2. The same is true for the image of u in
GL(V ).
• Suppose now that the seond ondition for perfetly tens-twistedness is veried for i.
Then the fator of G over F that ontains the omponent ui of u ∈ G(F ) ontains no
nontrivial unipotent element dened over F . So ui must be trivial, whih is a ontradi-
tion.
We thus have proved that if ρ is perfetly tens-twisted then its image ontains no nontrivial
unipotent of index 2.
Suppose now that ρ is not perfetly tens-twisted. By denition, there exists i ∈ I suh
that
• Card(Gal(F/F ) · i ∩ π(T )) ≤ 1 for all T ∈ S (V ),
• if we denote byH the simple fator ofG that ontainsGi over F ,H(F ) ontains nontrivial
unipotent elements.
We reall that sine the representation is of Hodge type, we an write it
VF =
⊕
Tk∈S (V )
(
⊗s∈Tk Ws
)⊕nk
with Ws a minusule representation of the fator Gπ(v) of heighest weight ωs, s ∈ Tk ⊂ D and
nk the multipliities of the irreduible omponents. Let J := {Gal(F/F ) · i} ⊂ I be the set of
simple fators of HF . By denition of a Hodge type representation, Gi ats nontrivially on VF ,
so there exists T0 ∈ S (V ) suh that Card(J ∩ π(T0)) = 1. We now write the deomposition
of the part V ′
F
of VF on whih the ation of H is nontrivial.
V ′F =
⊕
{Tk ∈ S (V ) |Card(π(Tk) ∩ J) = 1}
{sk} := Tk ∩ π
−1(J)
(
Wsk ⊗
(
⊗
s∈Tk,s6=sk
Ws
))⊕nk
By the existene of T0, this sum is nontrivial. It gives a sub-H-representation V
′
of V that
is dened over F beause it is isomorphi to V/inv(V ) where inv(V ) is the subspae of V of
H-invariant elements. The ation of H on (
⊗
s∈Tk,s6=sk
Ws) is trivial and the ation of H on
eah Wsk is nontrivial. The representation V
′
F
thus deomposes as a diret sum of minusule
representations of the simple fators of HF . Let T ⊂ H be a maximal torus and R = R(H,T )
be the orresponding sheme of roots. Sine H(F ) ontains nontrivial unipotent elements, the
struture theory of redutive groups imply that R(F ) ontains at least one element r. Indeed,
by [BT65℄, 8.3, we know that any nontrivial unipotent F -subgroup is ontained in a nontrivial
F -paraboli subgroup and by [Bor66℄, 6.5, (5), (6), we know that any nontrivial F -paraboli
subgroup is onjugated over F to a standard paraboli subgroup that is naturally assoiated to
a nontrivial subsetΘ ⊂ R(F ), so R(F ) an't be trivial. Over F , the root r deomposes as a sum
r =
∑
j∈J rj of roots of the simple fators (Gj , T ∩Gj), j ∈ J of (HF , TF ). The orresponding
morphism ur : Ga → H also deomposes as a sum ur =
∑
j∈J urj = Ga →
∏
j∈J Gj of
nontrivial morphisms. So the image of this morphism in V ′
F
is a diret sum of images of
standard unipotent subgroups of the Gj , j ∈ J in minusule representations of those fators.
It thus must be unipotent of index 2, by denition 2.1.3 of minusule representations. 
2.4 Appliation to the onjeture
We now have a ombinatorial riterion for potentially good redution. Let K be a number
eld and A/K an abelian variety. Let G = MT(A) and ρ : G → GL(V ) be the natural
representation on V = H1(A,Q).
Theorem 2.4.1. If there exists a prime ℓ of Q suh that ρQℓ : GQℓ → GL(V )Qℓ is perfetly
tens-twisted, then A has potentially good redution at every nite plae of K.
Proof. This is a diret onsequene of our theorial riterion 1.6.1 for potentially good redu-
tion and of theorem 2.2.4.
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Suppose for the rest of this paragraph that A is a simple abelian variety with Mumford-
Tate group G suh that Gad is non nontrivial Q-simple. Let I (resp. D) be the nontrivial
set of simple fators (resp. the Dynkin diagram) of G˜Q and S (V ) be the polymer of the
representation V of G. We denote π : D → I the natural projetion. We now give a simple
ondition for the existene of a prime ℓ suh that VQℓ is perfetly tens-twisted. This is the
riterion we usually apply to obtain our new results.
Proposition 2.4.2. Suppose that there exists σ ∈ Gal(Q/Q) suh that for all i ∈ I, there
exists T ∈ S (V ) suh that
Card(〈σ〉 · i ∩ π(T )) > 1
then there exists a prime ℓ suh that VQℓ is perfetly tens-twisted and A has potentially good
redution at every disrete plae of K.
Proof. By Thebotarev's theorem, there exist a prime ℓ of Q and a prime ℓ¯ of Q over ℓ, suh
that
σ ∈ D(ℓ¯),
where D(ℓ¯) ⊂ Gal(Qℓ/Qℓ) denotes the deomposition group at ℓ¯. The prime Q
ℓ¯
→ Qℓ gives
an isomorphism Gal(Qℓ/Qℓ) ∼= D(ℓ¯). We denote by I (resp. Iℓ) the set of simple fators of
G˜Q (resp. G˜Qℓ). The embedding Q
ℓ¯
→ Qℓ gives a Gal(Qℓ/Qℓ)-equivariant bijetion I
ℓ¯
→ Iℓ. If
i ∈ Iℓ, we have
Card(Gal(Qℓ/Qℓ) · i ∩ π(T )) ≥ Card(〈σ〉 · i ∩ π(T )) > 1
so the representation VQℓ is perfetly tens-twisted. Theorem 2.4.1 gives the nal result.
Corollary 2.4.3 (Cyli ase). If the ation of Gal(Q/Q) on I is yli and if there exists
T ∈ S (V ) suh that Card(π(T )) > 1 then there exists a prime ℓ of Q suh that VQℓ is perfetly
tens-twisted. In that ase, A has potentially good redution at every disrete plae of K.
Proof. By hypothesis, the ation of Galois on I is transitive. The generator σ of the ation of
Galois on I veries that for all i ∈ I , Card(〈σ〉 · i ∩ π(T )) > 1. The proposition 2.4.2 implies
that A has potentially good redution at every disrete plae of K.
Corollary 2.4.4 (General Mumford type). If Card(I) > 1 and if there exists T ∈ S (V )
suh that π(T ) = I then there exists a prime ℓ of Q suh that VQℓ is perfetly tens-twisted and
A has potentially good redution at every disrete plae of K.
Proof. The ation of the Galois group on I is transitive. The following simple lemma on nite
group ations gives a σ ∈ Gal(Q/Q) that ats on I without xed points. This σ veries the
ondition that for all i ∈ I , Card(〈σ〉 · i ∩ π(T )) > 1, whih is the hypothesis of 2.4.2.
Lemma 2.4.5. Let n > 1 be an integer and G ⊂ Sn a subgroup that ats transitively on
E = {1, ..., n}. Then there exists an element g ∈ G without xed point.
Proof. If g is an element of G, we denote F (g) the number of xed points of g in E = {1, ..., n}.
We then have the formula ∑
g∈G
F (g) = Card(G).
Indeed, denote S = {(a, g) ∈ E × G | ga = a}. We will ount points of S in two dierent
maners. For all a ∈ E, the number of g with (a, g) ∈ S is the order of the stabilizer Ga
of a. Sine the ation is transitive, all the stabilizers are of the same order and we have
Card(S) = |Ga|.|E| = |G|. Now, for all g ∈ G, the number of (a, g) ∈ S is F (g). So we obtain∑
g∈G F (g) = |S| = |G|. Now suppose that every nontrivial element of G has at least one
xed point. This gives us the inequality
|G| − n =
∑
g∈G−id
F (g) ≥ |G| − 1
whih is impossible sine n > 1.
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3 Existene of abelian varieties satisfying our rite-
rion
We will now onstrut, using the mahinery of Shimura varieties, abelian varieties satisfying
our riterion. The Shimura varieties will be onstruted from adjoint Shimura data (G,X)
and some partiular polymers for G depending on X, alled Deligne polymers. Our abelian
varieties will be bres of universal families of abelian varieties over those Shimura varieties.
Sine our ombinatorial riterion fouses on the properties of the polymer assoiated to the
natural representation of the Mumford-Tate group, this gives us a onrete way to onstrut
a lot of examples of abelian varieties satisfying our riterion.
3.1 Shimura varieties and Morita's onjeture
A Shimura datum is a pair (G,X), with G a redutive algebrai group over Q and X a G(R)-
onjugay lass in the set of morphisms of algebrai groups Hom(S,GR) satisfying the three
onditions of Deligne [Del79℄, 2.1.1.1-3. These onditions imply that X is a hermitian symetri
domain, suh that every representation of G on a Q-vetor spae denes a polarizable variation
of Hodge struture on X. For (G,X) a Shimura datum and K a ompat open subgroup of
G(Af ), we let ShK(G,X)(C) denote the omplex analyti variety G(Q)\(X×G(Af )/K), whih
has a natural struture of quasi-projetive omplex variety, denoted ShK(G,X)C; we denote
Sh(G,X)C the projetive limit over all K. A morphism of Shimura data from (G1, X1) to
(G2, X2) is a morphism f : G1 → G2 that maps X1 to X2; suh an f indues a morphism
Sh(f) from Sh(G1, X1)C to Sh(G2, X2)C. To every point x in Sh(G1, X1)(C) is assoiated a
Mumford-Tate group MT(x) that is the smallest Q-algebrai subgroup of G1 ontaining the
image of hx : S → G1,R over R. The Shimura variety Sh(G1, X1)C ontains some partiular
points of great interest for the study of its arithmeti properties, alled speial points. These
are the points x of Sh(G1, X1)C the Mumford-Tate group of whih is a torus.
Now take an abelian variety A over a number eld F . Suppose given an embedding F →֒ C
and letMT(A) denote the Mumford-Tate group of AC. We an assoiate to A a Shimura variety
that gives roughtly speaking the biggest family of abelian varieties with Mumford-Tate groups
ontained in MT(A) in the following way. Let h : S → MT(A)R the natural morphism. Let
XA be the MT(A)(R)-onjugay lass of h in Hom(S,MT(A)R). Then (MT(A),XA) is a
Shimura datum. Let V = H1(AC,Q) be the Hodge struture of A. It is naturally a polarizable
Hodge struture. The hoie of a polarization gives a sympleti form ψ on V suh that the
natural morphismMT(A)→ GL(V ) fators through GSp(V, ψ), whih we denote more simply
GSp(V ), with ψ understood. We denote by S± the double Siegel Half spae orresponding to
(VR, ψR) (see Deligne [Del79℄, 1.3.1). (GSp(V ), S
±) is also a Shimura datum and we have an
embedding of Shimura data
(MT(A),XA) →֒ (GSp(V ), S
±)
that is alled a Siegel embedding of the Shimura datum (MT(A),XA). More generally, an
embedding
(G1, X1) →֒ (GSp(V ), S
±)
of a Shimura datum (G1, X1) is alled a Siegel embedding and the orresponding Shimura
variety is alled of Hodge type.
Shimura varieties admit models over number elds, alled anonial models, enjoying nie
properties. Take a Shimura datum (G1, X1) and denote E = E(G1, X1) the reex eld.
Then Sh(G1, X1)C admits a anonial model Sh(G1, X1)E in the sense of [Del79℄, 2.7.10.
Roughly speaking, this is a model suh that speial points are algebrai and the Galois ation
on them is given in an expliit way. The anonial model of the Siegel modular variety
Sh(GSp(V ), S±) is dened over Q and if we have a Siegel embedding of a Hodge type Shimura
datum (G1, X1) →֒ (GSp(V ), S
±), it indues by funtoriality of anonial models a morphism
Sh(G1, X1)E →֒ Sh(GSp(V ), S
±)E . After the hoie of a level struture, the right term has an
interpretation as a ne moduli spae for prinipally polarized abelian varieties over E. So if we
hoose suiently small ompat open subgroups K1 ⊂ G1(Af ) and KS ⊂ GSp(V )(Af ), we
an suppose that ShKS (GSp(V ), S
±)E arries a universal family Au of abelian varieties that
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pulls bak over Sh = ShK1(G1, X1)E, giving an abelian sheme A that ts into the following
artesian diagram:
A //

Au

Sh // ShKS (GSp(V ), S
±)E
Denition 3.1.1. Let (G1, X1) →֒ (GSp(V ), S
±) be a Siegel embedding. After the hoie of a
suiently small ompat open subgroup K1 ⊂ G1(Af ), the above onstrution gives an abelian
sheme A → Sh over the anonial model Sh = ShK1(G1, X1)E of the orresponding Shimura
variety. This abelian sheme is alled the family of abelian varieties over Sh assoiated to the
Siegel embedding (G1, X1) →֒ (GSp(V ), S
±).
Remark 3.1.2. There is an interpretation of anonial models of Hodge type Shimura varieties
as moduli spaes for prinipally polarized abelian varieties with absolute Hodge yles (see
[Bry83℄, 1.2.6 for an aount of this idea). It implies that if we take an abelian variety A
over a number eld F , and (MT(A), XA) the assoiated Shimura datum, there exists a nite
extension of the omposite eld F.E(MT(A), XA) suh that A is a bre of the natural family
over ShK(MT(A),XA) for an appropriate ompat open subgroup K ⊂ MT(A)(Af ). This
shows that every abelian variety over a number eld lives in the family of abelian varieties
assoiated to a Siegel embedding of a Hodge type Shimura datum.
The original formulation of Morita's onjeture was made by Morita in terms of PEL
Shimura varieties. We reformulate it for Hodge type Shimura varieties.
Conjeture 3.1.3 (Morita). Suppose given a Siegel embedding of a Hodge type Shimura
datum
(G1, X1) →֒ (GSp(V ), S
±)
and a ompat open subgroup K1 ⊂ G1(Af ). If ShK1(G1, X1)
an
C is a ompat topologial spae
then the bre of the family A → Sh assoiated to the presribed Siegel embedding (see 3.1.1) at
any point of Sh = ShK1(G1, X1)E over a number eld F is an abelian variety A with potentially
good redution at every disrete plae of F .
Proposition 3.1.4. Our formulation 0.1 of Morita's onjeture is equivalent to the original
formulation 3.1.3.
Proof. Suppose rst that 3.1.3 is true. Let A be an abelian variety over a number eld F
whih Mumford-Tate group MT(A) ontains no nontrivial unipotent element over Q. Let
(G1, X1) be the Shimura datum (MT(A), XA) assoiated to A. The lemma 3.1.5 shows that
Sh = ShK1(G1, X1)C is ompat. The universal family dened in 3.1.1 gives an abelian sheme
A→ Sh orresponding to the natural Siegel embedding of (G1, X1) = (MT(A),XA). Remark
3.1.2 shows that there exists a point x ∈ Sh(F ′) in a number eld F ′ ⊃ F suh that Ax = AF ′ .
Our formulation 0.1 of Morita's onjeture says that AF ′ has potentially good redution at
every disrete plae of F ′. This proves one impliation.
Suppose now that 0.1 is true. Let (G1, X1) be a Hodge type Shimura datum, K1 ⊂ G1(Af )
be a ompat open subgroup, and suppose that ShK1(G1, X1)
an
C is ompat. Lemma 3.1.5 tells
us that G1(Q) ontains no nontrivial unipotent element. The Mumford-Tate group of any bre
of the universal family A → Sh of 3.1.1 is ontained in G1 and thus ontains no nontrivial
unipotent element. Any bre of this abelian sheme veries the hypothesis of our formulation
0.1 of Morita's onjeture and has potentially good redution at every disrete plae of its eld
of denition. This proves the equivalene of the two formulations.
Lemma 3.1.5. Let (G,X) be a Shimura datum and K ⊂ G(Af ) be a ompat open subgroup.
The Shimura variety ShK(G,X)(C) is ompat if and only if G(Q) ontains no nontrivial
unipotent element.
Proof. Along this proof, the exponent
+
will denote a topologial onneted omponent. Let
π : G→ Gad be the natural projetion and Kad ⊂ Gad(Af ) be a ompat open subgroup that
ontains π(K). Let X+ be a onneted omponent of X. The projetion X → Xad indues an
isomorphism from X+ to a onneted omponent Xad+ of Xad. We still denote π the natural
morphism ShK(G,X)(C) → ShKad (G
ad, Xad)(C). Let ShKad(G
ad, Xad)(C)+ be a onneted
18
omponent of the adjoint Shimura variety and ShK(G,X)(C)
+
be a onneted omponent of
the Shimura variety the image of whih is ontained in ShKad(G
ad, Xad)(C)+. By [Del79℄,
2.1.2, we know that the morphism
ShK(G,X)(C)
+ → ShKad (G
ad, Xad)(C)+
is given by a projetion
Γ\X+ → Γ′\X+
with Γ and Γ′ two arithmeti subgroups of the onneted omponent of identity Gad(R)+
of Gad(R). This quotient is a nite morphism and we know (see [Del79℄, 2.1.2) that the
Shimura varieties in play have nitely many onneted omponents so the natural morphism
π : ShK(G,X)(C) → ShKad (G
ad, Xad)(C) is nite. Thus π is proper, so the Shimura variety
is ompat if and only if its adjoint Shimura variety is ompat. Sine the enter of Gad is
trivial, the onditions of [Del79℄, 2.1.10 are veried and we know that
Sh(Gad, Xad)(C) = Gad(Q)\X ×Gad(Af ).
We also know from [Del79℄, 2.1.4 thatG(Af ) ats on Sh(G
ad, Xad) and that Sh(Gad, Xad)/Kad =
ShKad (G
ad, Xad). Sine Kad is ompat and ats ontinuously on the separated topologial
spae Sh(Gad, Xad)(C), the projetion map
Sh(Gad, Xad)→ ShKad (G
ad, Xad)
is proper by [Bou71℄, Chap 3, 4, n
◦
1, Prop 2 so ShKad (G
ad, Xad)(C) is ompat if and only
if Sh(Gad, Xad)(C) is ompat. Writing Xad = Gad(R)/Kad∞ with K
ad
∞ a maximal ompat
subgroup of Gad(R), we obtain a ontinuous quotient map
Gad(Q)\Gad(A)→ Gad(Q)\Gad(R)×Gad(Af )/K
ad
∞
∼= Sh(G
ad, Xad)(C)
whih is proper beause Gad(Q)\Gad(A) is separated and Kad∞ is ompat [Bou71℄, Chap 3, 4,
n
◦
1, Prop 2. By a result of Borel and Harish-Chandra (see [Bor63℄, 5.6, p21), the ompaity of
Gad(Q)\Gad(A) is equivalent to the fat that Gad(Q) ontains no nontrivial unipotent element.
So the Shimura variety Sh(G,X)(C) is ompat if and only if Gad(Q) ontains no nontrivial
unipotent element. The isomorphism U(G) ∼= U(Gad) of unipotent subshemes given in 2.1.2
shows that this is also equivalent to the fat that G(Q) ontains no nontrivial unipotent
element.
3.2 Constrution of families of abelian varieties using Deligne
polymers
let (G,X) be a Shimura datum with G adjoint simple. Then Deligne [Del79℄, 1.3,2.3.7 using
Satake's work [Sat65℄, lassies diagrams
(G,X)← (G1, X1) →֒ (GSp(V ), S
±)
with (G1, X1)
ad = (G,X).
By [Del79℄, 2.3.4(a) we know that G = ResF/QG
s
with F totally real and Gs absolutely
simple over F . Let I be the set of fators of GR (or, whih is the same, the set of real
embeddings of F ) and Ic (resp. Inc) be the subset of indies orresponding to ompat (resp.
non ompat) fators of GR. Let D be the Dynkin diagram of G, Dc (resp. Dnc) the part
orresponding to ompat (resp. non ompat) fators of GR. If i ∈ I , we denote Di the
Dynkin diagram of the orresponding fator. The ation of Gal(Q/Q) is ompatible with the
projetion π : D → I . Let P(D) be the set of parts of the set of verties of the Dynkin
diagram. X gives a speial vertex si of Di for every i ∈ Inc (This vertex is given in [Del79℄,
1.2.5 and the set of all those speial verties for i ∈ Inc uniquely determines X).
Denition 3.2.1 (Deligne polymer). A polymer S ⊂ P(D) is alled a Deligne polymer
for (G,X) if
• for all T ∈ S , T ∩Dnc is empty or redued to one point sT ∈ Di (i ∈ Inc), and in the
table [Del79℄, 1.3.9 for (Di, si), sT is an underlined vertex.
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Let
(G,X)← (G1, X1) →֒ (GSp(V ), S
±)
be a diagram with (G1, X1)
ad = (G,X) and let G˜ be the universal overing of G. The natural
map G˜→ G lifts to G˜→ G1 and we obtain a representation VC of G˜. The Satake lassiation
tells us that every irreduible omponent W of VC is of the form ⊗i∈IWWi for some IW ⊂ I ,
with Wi a fundamental representation of Gi orresponding to a vextex τ (i) of Di. Denote TW
the subset τ (IW ) ⊂ D of the Dynkin diagram. We thus know thatW is of the form ⊗s∈TWWs
for Ws a fundamental representation orresponding to the vertex s ∈ TW ⊂ D of the Dynkin
diagram. If we denote S (V ) the set of TW ⊂ D for W ⊂ VC irreduible, then S (V ) is a
Deligne polymer.
Denition 3.2.2. Let
(G,X)← (G1, X1) →֒ (GSp(V ), S
±)
be a diagram with (G1, X1)
ad = (G,X). The Deligne polymer obtained in the preeding desrip-
tion is alled the Deligne polymer for (G,X) assoiated to the Siegel embedding (G1, X1) →֒
(GSp(V ), S±).
Remark 3.2.3. The representation G1 → GL(V ) is of Hodge type over Q (see Denition
2.1.7) and the Deligne polymer S (V ) is a polymer for G in the sense given in 2.1.6 with an
additional ondition on verties that depends on X. In partiular, let A be an abelian variety
over a number eld F →֒ C, let V be H1(AC,Q) and
(MT(A),XA) →֒ (GSp(V ), S
±)
be the orresponding Siegel embedding. Suppose that MT(A) has no ommutative simple fator.
We obtain that the natural representation
MT(A)→ GL(V )
is of Hodge type with polymer S (V ) equal to the Deligne polymer assoiated to this Siegel
embedding.
Proposition 3.2.4. Let (G,X) be a Shimura datum with G a Q-simple group of adjoint
type. For every Deligne polymer S for (G,X), there exists a (not neessarily unique) Siegel
embedding of a Hodge type Shimura datum (G1, X1) →֒ (GSp(V ), S
±) with adjoint Shimura
datum (G,X) and with a polymer equal to S . After the hoie of a onvenient ompat open
subgroup K1 ⊂ G1(Af ), this gives an algebrai variety Sh = ShK1(G1, X1)E over a number
eld E and an abelian sheme A → Sh for whih every bre Ax over a point x ∈ Sh(E
′) in a
nite extension of E gives an abelian variety with Mumford-Tate representation
MT(Ax) ⊂ G1 → GL(V )
ontained in the Hodge type representation G1 → GL(V ) with polymer S .
Proof. The onstrution of a Siegel embedding (G1, X1) →֒ (GSp(V ), S
±) assoiated to a
Deligne polymer is given in [Del79℄, 2.3.10. The family assoiated to the Siegel embedding
(see 3.1.1) provides us, after the hoie of a suiently small ompat open subgroup K1 ⊂
G1(Af ), an abelian sheme p : A → Sh over the anonial model Sh = ShK1(G1, X1)E with
E = E(G1, X1) that is the pull-bak of the universal abelian sheme Au on the Siegel modular
variety ShK(GSp(V ), S
±)E for a suiently small ompat open subgroup K ⊂ GSp(V )(Af ).
So we have the following artesian diagram:
AC //
p

Au,C
pu

ShC // ShKS (GSp(V ), S
±)C
By denition, the variation of Q-Hodge struture R1pu,∗Q on the Siegel modular variety is
given by the representation GSp(V )→ GL(V ) (in the sense of [Moo98℄, 2.3), i.e. by the trivial
bundle S± × V with variable ltration on VC depending on points in S
±
(see also [Del71℄, 4).
Sine AC is the pull-bak Au,C, the variation of Q-Hodge strutures R
1p∗Q is the pull bak
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of R1pu,∗Q and it is given (in the sense of [Moo98℄, 2.3) by the representation G1 → GL(V ).
So the representation of the Mumford-Tate group MT(Ax)→ GL(R
1p∗Q) ∼= GL(V ) for every
point x of ShC fators through the Hodge type representation G1 → GL(V ) (see [Moo98℄, 2.3
for the fatorisation and [Moo98℄, 1.2 for fats about generi Mumford-Tate groups).
Denition 3.2.5 (Abelian varieties assoiated to a Deligne polymer). For notation
simpliity, the bres over points in number elds of the family A → Sh onstruted in 3.2.4
will be alled abelian varieties assoiated to the triplet (G,X,S ).
Example 3.2.6. If A is a simple abelian variety dened over a number eld F with non-
ommutative Mumford-Tate group, (G,X) = (MT(A), XA)
ad
, V = H1(AC,Q) and S is the
Deligne polymer of the Siegel embedding
(MT(A), XA) →֒ (GSp(V ), S
±),
then 3.1.2 shows that A is an abelian variety assoiated to the triplet (G,X,S ).
Proposition 3.2.7. Let (G,X) be a lassial type Shimura datum with G a Q-simple group
of adjoint type. Suppose that there exists a Deligne polymer S for (G,X) suh that the
orresponding representation is perfetly tens-twisted over Qℓ for some prime ℓ of Q. Then the
bers of an abelian sheme A → Sh orresponding to this polymer by 3.2.4 at points of Sh in
number elds have potentially good redution at every disrete plae of their eld of denition.
Proof. We keep the notations of 3.2.4. Let x ∈ Sh(E′) be a point of Sh in a number eld
E′. The orresponding bre Ax has a Mumford-Tate representation MT(Ax) ⊂ G1 → GL(V )
that fators through the Hodge type representation G1 → GL(V ) with polymer S . Sine this
representation is perfetly tens-twisted over Qℓ, its image ontains no nontrivial unipotent of
index 2 over Qℓ, and the same is true for the image of the representation MT(Ax)→ GL(V ).
Using our riterion 1.6.1, we obtain that Ax has potentially good redution at every disrete
plae of E′.
Examples of Deligne polymers fulling the hypothesis of this proposition will be given in
4.2. The question of existene of suh Deligne polymers is essentially a ombinatorial question
about nite group ations. We must remark that it is easy to onstrut a ompat Shimura
variety for whih there exist no suh Deligne polymer, for example using the multipliative
group of a quaternion algebra D (over a totally real number eld) whih splits at every real
plae but does not split at some nite plae.
3.3 Our ases are new
In this setion, we show that the ases we are studying are almost all non PEL ases of Shimura
data, so are new ases of the onjeture.
Let L be a semi-simple algebra of nite dimension over Q with an involution σL, and V a
nite dimensional vetor spae over Q with a faithful L-module struture and an antisymmetri
non degenerated form ψ suh that ψ(ax, y) = ψ(x, σL(a)y) for all a ∈ L and all x, y ∈ V . This
form permits to extend the involution σL to End(V ): if f ∈ End(V ), we dene σ(f) by
ψ(v, σ(f)(w)) = ψ(f(v), w) for all v, w ∈ V . We furthermore suppose that L and V are free
over the enter Z of L. Let GSpL,Gm,Q(V, ψ) be the group of Gm,Q-sympleti similitudes of
V given for every ommutative Q-algebra A by
GSpL,Gm,Q(V, ψ)(A) := {a ∈ GLL(V )(A) |σ(a)a ∈ Gm,Q(A)}.
Let G be the identity omponent of GSpL,Gm,Q(V, ψ). Assume there is a morphism h : S→ GR
suh that the Hodge struture (V, h) is of type {(−1, 0), (0,−1)} and 2πiψ is a polarization for
(V, h). Then the involution σ is positive and when we take X to be the set of G(R) onjugates
of h, (G,X) satises the axioms of a Shimura variety and it has a natural embedding in the
Siegel Shimura datum (GSp(V, ψ), S±). The group G is determined by L and ψ.
Denition 3.3.1 (PEL type Shimura datum). A Shimura datum arising from the above
onstrution is alled of PEL type.
The following proposition follows diretly from the work of Kottwitz in [Kot92℄.
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Proposition 3.3.2. Let (G,X) →֒ (GSp(V ), S±) be the Siegel embedding of a PEL type
Shimura datum and suppose that G is quasi-simple and non-ommutative. Then the orre-
sponding representation G → GL(V ) deomposes over Q in a diret sum of minusule repre-
sentations of the quasi-simple fators of G˜Q. The orresponding polymer S (V ) is omposed
of one element parts of the Dynkin diagram and this Hodge type representation ontains no
nontrivial tensor produts of representations of the simple fators of G˜Q.
Corollary 3.3.3. Let (G,X) be a Shimura datum with G of Bn type. Then (G,X) is not of
PEL type and there exists no Shimura datum (G1, X1) of PEL type suh that (G1, X1)
ad =
(G,X).
Proof. Sine any Shimura datum (G1, X1) with adjoint Shimura datum (G,X) is also of Bn
type, it sues to prove that if (G,X) is of Bn type then it is not of PEL type. This is well
known (see [Kot92℄).
4 Morita's onjeture is independent of the enter
4.1 General results
Let F be a number eld with an embedding F ⊂ C and A be an abelian variety over F . Reall
that Morita's onjeture 0.1 for A states that ifMT(A)(Q) ontains no nontrivial unipotent ele-
ment then A has potentially good redution at every disrete plae of F . The hypothesis of this
onjeture depends only on MT(A)ad beause of the isomorphism U(MT(A)) ∼= U(MT(A)ad)
between unipotents subshemes given in 2.1.2. We will show that the results we obtain about
the onjeture are also almost only dependent of the adjoint group MT(A)ad. A more preise
statement is now given.
We use the ategory of absolute Hodge motives over F onstruted in [DMOS82℄.
Denition 4.1.1. Let p be a nite prime of F , p¯ be a prime of F over p. An absolute Hodge
motive M over F will be alled unramied at p if there exists some prime ℓ of Q suh that the
ℓ-adi realization Mℓ of M is an unramied galois representation at p, i.e. the inertia group
I (p¯) ats trivially on Mℓ. M will be alled potentially unramied at p if there exists a nite
extension F ′ of F and a nite prime p′ of F ′ over p suh that MF ′ is unramied at p
′
.
Proposition 4.1.2. Let F be a number eld endowed with an embedding F ⊂ C, and A1,
A2 be two simple abelian varieties over F with non-ommutative Mumford-Tate group, and
suppose that
• MT(A1)
ad = MT(A2)
ad
,
• the projetions hi : S → MT(Ai)R → MT(Ai)
ad
R , i = 1, 2 of the morphisms given by the
Hodge strutures are equal.
Then there exists an abelian absolute Hodge motive M over a nite extension of F with
Mumford-Tate group MT(Ai)
ad
, that is a subquotient of a tensor onstrution on the absolute
Hodge h1,AH of A1 and A2, and suh that, for any nite prime p of F , the following statements
are equivalent:
• M is potentially unramied at p,
• A1 has potentially good redution at p,
• A2 has potentially good redution at p.
Proof. We denote Gi = MT(Ai) the Mumford-Tate group of Ai, for i = 1, 2. We rst re-
all that if G is a linear algebrai group over a eld of harateristi 0, and V is a faithful
nite dimensional representation of G, then every nite dimensional representation of G an
be onstruted from the representation V using the standard tannakian proesses of forming
tensor produt, diret sums, subrepresentations, quotients and duals (see for example [Wat79℄,
3.5). To sum up, we an say that the tannakian ategory Rep(G) of nite dimensional rep-
resentations of G is generated by V (i.e. 〈V 〉 ∼= Rep(G)). Let Vi = H1(Ai,Q) be the natural
representation of Gi for i = 1, 2. Those two representations are faithful, so eah one generates
the orresponding tannakian ategory Rep(Gi). Denote by G the adjoint group G
ad
1 = G
ad
2 .
Let V be a faithful representation of G. When we restrit this representation to Gi, we obtain
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a representation that is onstruted from Vi by the standard tannakian proesses. But the
ategory Rep(Gi) is equivalent to the ategory of absolute Hodge motives generated by the
absolute Hodge motive h1,AH(Ai). So V is the Hodge realization of two absolute Hodge mo-
tives: one onstruted from h1,AH(A1), denotedM1 and the other onstruted from h1,AH(A2),
denoted M2. Replaing F by a nite extension, we an suppose that all Hodge yles on Ai
are dened over F . The Hodge realisations of M1 and M2 are equal by hypothesis. SoM1 and
M2 are isomorphi (possibly after a nite extension of F ) as absolute Hodge motives beause
the Hodge funtor from abelian absolute Hodge motives to Hodge strutures is fully faithful
over an algebraially losed eld (see [DMOS82℄, II, 6.25). This notably gives an isomorphism
of the Galois representations assoiated to M1 and M2. We now suppose that F is suiently
big so that we have this isomorphism. We denote byM the absolute Hodge motiveM1 (∼=M2)
over F .
Let p be a nite prime of F . We will now show that M is potentially unramied at p if and
only if A1 has potentially good redution at this prime. Choose a prime ℓ of Q not equal to the
residue harateristi of p and denote by V1,ℓ the orresponding Galois representation (this is
the ℓ-adi realisation of the absolute Hodge motive h1,AH(A1)). By the monodromy theorem
of Grothendiek [GRR72℄, Exp I, 3.6, the representation of the inertia group I (p¯) of a prime
p¯ of F¯ over p is potentially unipotent on V1,ℓ. After a nite extension of F , we an suppose
that this ation is unipotent. It results from theorems of Deligne about absolute Hodge yles
[DMOS82℄, Exp I, 2.9,2.11 that after a nite extension of F , the galois representation on V1,ℓ
fators through the group of Qℓ-values of G1 = MT(A1), i.e.
I (v¯)→ G1(Qℓ)→ GL(V1,ℓ).
We now replae F by a nite extension on whih the inertia group ats unipotently and suh
that the Galois representation fators through the Mumford-Tate group. Denote by Vℓ the
ℓ-adi realisation of M . Reall that the Neron-Ogg-Shafarevih riterion [ST68℄, Th 1 says
that A1 has good redution at p if and only if V1,ℓ is unramied at p. It remains to prove that
V1,ℓ is unramied at p if and only if Vℓ is unramied at p.
Suppose that V1,ℓ is unramied at p. We know that M is in the tannakian ategory
〈h1,AH(A1)〉, so the representation Vℓ of the inertia group I (p¯) is in the sub-tannakian ategory
〈V1,ℓ〉 of the ategory of ℓ-adi representations of I (p¯) generated by V1,ℓ. This implies that
Vℓ is unramied.
Suppose now that Vℓ is unramied at p. The natural map I (p¯) → G
ad
1 (Qℓ) is trivial, so
the inertia group ats on V1,ℓ through the enter of G1(Qℓ). Sine G1 is redutive, this enter
is of multipliative type, so it does not ontain unipotent points over Qℓ (using our desription
2.1 of unipotent points, this omes from [SGA64a℄, expXVII, 2.4). Thus the ation of I (p¯)
on V1,ℓ is trivial, i.e. V1,ℓ is unramied.
Proposition 4.1.3 (Transposition statement). Let (G,X) be an adjoint Shimura datum
with G Q-simple. If there exists a Deligne polymer S0 for (G,X) suh that every abelian
variety assoiated to the triplet (G,X,S0) has potentially good redution at every disrete
plae of its eld of denition, then for all Deligne polymer S for (G,X), every abelian variety
assoiated to the triplet (G,X,S ) has potentially good redution at every disrete plae of its
eld of denition.
Proof. Using 3.2.4, we an assoiate to the Shimura datum (G,X) and the Deligne polymer
S0 a family A0 → ShK0(G0, X0)E(G0,X0) of abelian varieties over the anonial model of a
Hodge type Shimura variety (here, (G0, X0) is a Hodge type Shimura datum with adjoint
(G,X) and K0 ⊂ G0(Af ) is a ompat open subgroup). We do the same with another Deligne
polymer S1 and obtain a family A1 → ShK1(G1, X1)E(G1,X1) of abelian varieties over the
anonial model of a Hodge type Shimura variety (K1 ⊂ G1(Af ) a ompat open subgroup).
After possibly replaing the eld F by a nite extension that ontains the omposite eld
E(G0, X0).E(G1, X1).E(G,X), and hanging the ompat open subgroups K0 ⊂ G0(Af ),
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K1 ⊂ G1(Af ) and K ⊂ G(Af ), we have a diagram
A0,F

A1,F

ShK0(G0, X0)F
((P
PP
PP
PP
PP
PP
P
ShK1(G1, X1)F
vvnn
nn
nn
nn
nn
nn
ShK(G,X)F
Let A1 := A1,x be a bre of the family A1,F over a point x1 ∈ ShK1(G1, X1)(F ). The image of
this point in ShK(G,X)(F ) is denoted x. Take a point x0 ∈ ShK0(G0, X0)(F ) in the pre-image
of the G(Af )-orbit of x for the natural projetion. Suh a point exists beause the projetion
Sh(G0, X0)(C)→ Sh(G,X)(C)
is nite (see [Del79℄, 2.1.2, 2.1.8) and surjetive on a onneted omponent, and the ation of
G(Af ) on the set of onneted omponents of Sh(G,X)(C) is transitive (see [Del79℄, 2.1.3).
The bre of the family A0 over x0 is an abelian variety A0. All the Hodge strutures of the
points of the orbit G(Af ).x0 are equal beause the G(Af )-ation doesn't hange the Hodge
struture. This shows that the abelian varieties A0 and A1 verify the hypothesis of 4.1.2 so A0
has potentially good redution at a plae of F if and only if A1 has potentially good redution
at this plae. By onstrution, A0 is an abelian variety assoiated to the triplet (G,X,S0).
The hypothesis implies that A0 has potentially good redution at every disrete plae of F .
This implies that A1 has potentially good redution at every disrete plae of F .
4.2 Expliit examples
Denition 4.2.1. Let (G,X) be a Shimura datum of lassial adjoint type with G simple.
We will say that (G,X) is of potential perfetly tens-twisted type if there exists a Deligne
polymer S1 for (G,X) suh that the representation G1 → GL(V ) given by the orresponding
Siegel embedding
(G1, X1)→ (GSp(V ), S
±)
is perfetly tens-twisted over Qℓ for some prime ℓ of Q.
Proposition 4.2.2. Let (G,X) be a Shimura datum of potential perfetly tens-twisted type.
Any abelian variety assoiated to any Deligne polymer S for (G,X) has potentially good
redution at every disrete plae of its eld of denition.
Proof. By the transposition statement 4.1.3, we know that it is enough to show the result
for one Deligne polymer. Therefore, we will show this for the Deligne polymer S1 given by
hypothesis. The result on potentially good redution omes diretly from our ombinatorial
riterion 2.4.1 and from the onstrutive result 3.2.7.
Denition 4.2.3. Let (G,X) be a Shimura datum of lassial adjoint type (i.e. G is Q-simple
of type A,B,C or D) and suppose that GR has at least two simple fators and that only one
fator of GR is non-ompat. Suh a Shimura datum will be alled a potential Mumford type
Shimura datum.
Let (G,X) be a potential Mumford type Shimura datum. There exists a Deligne polymer
S1 for (G,X) ontaining at least one part T ⊂ P(D) that projets surjetively on the set I
of simple fators of GR.
The onstrution will be done in several simple steps. First, denote by Dv the part of
the Dynkin diagram orresponding to the simple non ompat fator Gv of GR. Let sv be
the vertex of Dv orresponding to X (in the notations of [Del79℄, 1.2.6). We denote sT,v an
underlined vertex of Dv in the table [Del79℄, 1.3.9 for (Dv, sv). For eah ompat fator Gw of
GR, we have an isomorphism Dw ∼= Dv and we denote sT,w the vertex orresponding to sT,v
by this isomorphism. The set {sT,w |w ∈ I} of all those verties gives a part T ⊂ P(D) of the
Dynkin diagram of G that veries the ondition of the denition of a Deligne polymer 3.2.1.
Indeed, T ∩Dnc = {sT,v} is redued to one point and sT,v is an underlined vertex of Dv in the
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table [Del79℄, 1.3.9 for (Dv, sv). Let S1 be the Gal(Q/Q)-orbit of T in P(D). Every T
′
in S1
veries the ondition of the denition of a Deligne polymer 3.2.1. Indeed, T ′∩Dnc is empty or
redued to one point sT ∈ Dv (v ∈ Inc) and sT is in the galois orbit of some sT,w so sT = sT,v
or sT = s
∗
T,v where ∗ denotes the opposition involution of the Dynkin diagram Dv. Sine the
underlined vertex of [Del79℄, 1.3.9 are stable by the opposition involution, sT is an underlined
vertex for (Dv, sv) in [Del79℄, 1.3.9. This shows that S1 veries the ondition of the denition
of a Deligne polymer 3.2.1. Moreover S1 ontains a non-empty part and is Galois stable by
onstrution. It is overing (∪T ′∈S1π(T
′) = I for π : D → I the natural projetion) beause
G is Q-simple so Gal(Q/Q) ats transitively on I . So S1 is a Deligne polymer and T projets
surjetively on the set I of simple fators of GR.
Proposition 4.2.4. Let (G,X) be a potential Mumford type Shimura datum. Every abelian
variety assoiated to every Deligne polymer S for (G,X) has potentially good redution at
every disrete plae of its eld of denition.
Proof. We will show that the Deligne polymer onstruted in the preedent paragraph veries
the ondition given in the denition 4.2.1, so gives (G,X) the struture of a potential perfetly
tens-twisted type Shimura datum. It sues to show that there exists a prime ℓ of Q suh
that the representation G1 → GL(V ) given by a Siegel embedding (G1, X1)→ (GSp(V ), S
±)
assoiated to S1 is perfetly tens-twisted over Qℓ. This was already done in the study of
Mumford type reprentations in 2.4.4. After that, we apply the result given in 4.2.2 to the
potential perfetly tens-twisted Shimura datum (G,X) to onlude the proof.
Corollary 4.2.5. Let A be a simple abelian variety over a number eld with non-ommutative
Mumford-Tate group and suppose that MT(A)ad is Q-simple, MT(A)adR has at least two simple
fators and only one non-ompat fator. Then A has potentially good redution at every
disrete plae of its eld of denition.
Proof. (MT(A),XA)
ad
is a potential Mumford type Shimura datum so the onjugation of
proposition 4.2.4 and of 3.2.6 is suient to obtain the result.
Denition 4.2.6. Let F be a number eld. Let norm: F → Q be the usual norm dened by
norm(f) = det(x 7→ f.x). Following Ferrand[Fer98℄, we dene the norm or orestrition of D
from F to Q as a ouple (NF/QD, νD) of a entral simple algebra NF/QD and a multipliative
funtorial map νD : D → NF/QD between the Algebra-shemes orresponding to those algebras
that veries
νA(fx) = normA(f)νA(x)
for all f ∈ A and x ∈ DA with A a ommutative Q-algebra and that is universal for this
property.
Example 4.2.7. Let F be a totally real number eld of degree equal to 2n+ 1, n > 0 over Q.
Let D be a quaternion algebra over F . Suppose that D deomposes over R as a produt
DR ∼= M2,R ×H
2n
of a matrix algebra and a produt of quaternion algebras. Let G2 = ResF/QD
×
, G = Gad2 and
h2 : S→ G2,R be the trivial morphism on quaternioni parts and the lassial morphism
h0 : S → GL2,R
a+ ib 7→
(
a b
−b a
)
on the matrix part. Let h : S→ GR be the projetion of h2. We suppose that NF/QD splits, i.e.
is isomorphi to M22n+1,Q. By denition, the morphism νD indues a anonial morphism of
group shemes
ν×D : ResF/QD
× → GL(V ),
with V = Q2
2n+1
. Denote G1 the image of this morphism and h1 : S → G1,R the projetion
of h2. Denote X (resp. X1, resp. X2) the onjugay lass of morphisms orresponding to
h (resp. h1, resp. h2). Then (G,X) and (G1, X1) are Shimura data and sine the kernel
of G → GL(V ) is entral, (G1, X1)
ad = (G,X). The natural involution σD of D gives by
funtoriality an involution on NF/QD. This involution is sympleti beause it is equal over Q
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to a tensor produt of 2n+1 involutions of sympleti type (the lassial sympleti involution
on M2,Q). So we have a diagram
(G,X)← (G1, X1) →֒ (GSp(V ), S
±).
The projetion π : D → I of the Dynkin diagram D of G to the set I of simple fators of G is
a bijetion beause eah fator of GQ is of A1 type. The polymer of the above diagram ontains
only one part:
S1 = S (V ) = {D}.
We thus have onstruted a Shimura datum (G,X) that is of potential Mumford type. We
know from 4.2.4 that the abelian varieties that are the bres over number elds of the family
assoiated to the presribed Siegel embedding of (G1, X1) have potentially good redution at
every nite prime of their eld of denition.
If we hoose another polymer, for example the Gal(Q/Q)-orbit S〈E〉 of any non empty
subset E of D, we also know from 4.2.4 that any abelian variety assoiated to (G,X,S〈E〉)
has potentially good redution at every disrete plae of its eld of denition. For example
if E = {d0}, we obtain a Shimura variety that is not far from a PEL Shimura variety (see
[Rei97℄ for a detailled study of this ase).
Remark 4.2.8. The result of the last example an also be proved using the transposition
result 4.1.3, the valuative riterion of properness and a properness result of Reimann [Rei97℄,
2.14 that uses methods similar to Morita's method for Shimura varieties that are allmost PEL
Shimura varieties (weak polarization). It is possible to onstrut, using Deligne polymers, a
similar example with a group G of Bn type. In this ase, we know from 3.3.3 that there is no
hope to redue the question to some PEL Shimura variety. We preferred to give the simplest
example of a group of type A1, but our method really gives new results that an not be redued
to PEL results using 4.1.3.
Denition 4.2.9. Let (G,X) be a Shimura datum of lassial adjoint type with G simple. We
will say that (G,X) is of potential well twisted yli type if the two following onditions are
veried:
• The ation of Gal(Q/Q) on the set I of simple fators of GQ is yli.
• There exists a Deligne polymer S1 for (G,X) ontaining at least one part T ⊂ P(D) of
the Dynkin diagram D of G with Card(T ) > 1.
Proposition 4.2.10. Let (G,X) be a Shimura datum of potential well twisted yli type.
Every abelian variety assoiated to every Deligne polymer S for (G,X) has potentially good
redution at every disrete plae of its eld of denition.
Proof. We will show that the Deligne polymer S1 given by denition veries the ondition
given in 4.2.1, so gives (G,X) the struture of a potential perfetly tens-twisted type Shimura
datum. It sues to show that there exists a prime ℓ of Q suh that the representation
G1 → GL(V ) given by a Siegel embedding (G1, X1) → (GSp(V ), S
±) assoiated to S1 is
perfetly tens-twisted over Qℓ. This was already done in 2.4.3. After that, we apply the result
given in 4.2.2 to the potential perfetly tens-twisted Shimura datum (G,X) to onlude the
proof.
Example 4.2.11. Let F be a totally real number eld with a xed isomorphism Gal(F/Q)→
Z/8Z. Let D be a quaternion algebra over F . We know that D deomposes over R as a produt
DR ∼= M
m
2,R ×
∏
H
n−m
of m matrix algebras and m − n quaternion algebras, for 0 ≤ m ≤ 8. Let G2 = ResF/QD
×
,
G = Gad2 and h2 : S → G2,R be the trivial morphism on quaternioni parts and the lassial
morphism
h0 : S → GL2,R
a+ ib 7→
(
a b
−b a
)
on the matrix part. Let h : S→ GR be the projetion of h2. Let X and X2 be the orresponding
onjugay lasses of morphisms. The Shimura datum (G,X) is of adjoint type. The projetion
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π : D → I from the Dynkin diagram to the set of simple fators of GQ is a bijetion beause
eah fator of GQ is of A1 type. We hoose a bijetion I → {1, . . . , 8} ompatible with the
isomorphism Gal(F/Q)→ Z/8Z and we will now use this identiation without mentioning it.
Denote by Inc the subset of I orresponding to nonompat fators of GR. Using that π : D → I
is a bijetion, we dedue that the exhaustive lassiation given by Addington [Add87℄, 6.3 of
all of her polymers in this ase gives the lassiation of all Deligne polymers for (G,X).
We an see for example for Inc = {1, 5} that the Deligne polymer
S1 = {1234, 2345, 3456, 4567, 5678, 6781, 7812, 8123}
veries the seond hypothesis of 4.2.9. So (G,X) is of potential well twisted yli type and
any abelian variety assoiated to any Deligne polymer for (G,X) (their list is given in [Add87℄,
6.3) has potentially good redution at every nite prime of its eld of denition.
Denition 4.2.12. Let (G,X) be a Shimura datum of lassial adjoint type with G simple.
We will say that (G,X) is of potential PEL type if there exists a Deligne polymer S1 for
(G,X) suh that a orresponding Shimura datum (G1, X1) is of PEL type.
Proposition 4.2.13. Let (G,X) be a Shimura datum of potential PEL type suh that there
exists a plae v of F suh that Gv is anisotropi. Every abelian variety assoiated to every
Deligne polymer S for (G,X) has potentially good redution at every disrete plae of its eld
of denition.
Proof. The results of Morita [Mor75℄ about his onjeture in the PEL ase, with the additional
λ-adi result we gave in [Pau02℄, Part 2 gives that every abelian variety assoiated to the
Deligne polymer S1 (given by denition) for (G,X) has potentially good redution at every
disrete plae of its eld of denition. The transposition statement 4.1.3 permits to onlude.
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